A th e o ry is given of th e b reak -u p o f th e m e ta l case o f a cy lin d rical ring-bom b, in w hich th e lines of fractu re p erp en d icu lar to th e ax is o f th e bo m b are p red eterm in ed . F ro m th e th e o ry an expression is given for th e len g th o f th e av erag e fra g m e n t; th is is show n to d epend, if certain h ypotheses are m ade, on th e ra d iu s a n d v elo city o f th e case a t th e m o m e n t of b re a k up, an d on th e mechanical-p ro p ertie s o f th e m etal.
This paper is the outcome of attem pts made by the present author to find a theoretical basis for the prediction of the distribution in weight of the fragments of shell or bomb cases after detonation of the filling. Little attem pt will be made here to relate the theory to experiment, because experimental determinations of the distribution of the weights of fragments have not usually been made under the conditions best suited for theoretical interpretation. The purpose of this paper is to present a theory, and to state the kind of experimental work which if carried out would show whether or not it is correct. I t is suggested here th a t the average size of the fragments from a shell case of a ductile metal depends on a property of the metal which is not usually measured, namely, the scatter in the values of the reduction in area at which fracture occurs in a tensile test. Determination of this quantity is of interest for a theory of fracture in metals, and measurements of the fragment weight distribution are there fore capable of giving information of fundamental interest about the properties of metals.
When the explosive filling of a shell or bomb detonates, the case is subject initially to an extremely high pressure from the gaseous products of detonation; under this pressure it begins to move rapidly outwards. If the case is made of a ductile material such as steel, very considerable plastic expansion, as much as 5 0 %, occurs before the case breaks; this is most easily seen by examination of the larger fragments from a shell which include parts of the original inner and outer surfaces; the distance between these surfaces will be less than in the original case. By the time th at fracture occurs the velocity with which the case is moving will be nearly equal to the final velocity with which the fragments are projected, and the gas pressure will have dropped to a small fraction of its original value. The fragmentation of a shell case must thus be thought of as the tearing apart of a rapidly expanding tube when the material of the tube reaches the limit of its ductility.
Fracture in forged steel shell cases occurs normally by the formation of cracks parallel to the axis of the cylindrical part of the case, giving the familiar long thin fragments from bursting A.A. shells. A complete theory of fragmentation would have to account for both the width and length of fragments. If, however, the wall of the shell consists of a number of coaxial circular rings, all with the same inner and outer radii, stacked one above the other round a thin steel inner lining, the problem is simpler; each ring will break into a number of pieces, and the planes of fracture will be parallel to the axis of the cylinder. Ring-bombs of this type have been made, and found to break up in the way stated here.
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a t m o m e n t o f f r a c tu r e b e fo re d e to n a tio n F ig u r e 1. C ase o f sh e ll b e fo re d e to n a tio n a n d a t m o m e n t o f f r a c tu r e . The experimental arrangement to which the present theory will be applied will thus be as follows: The explosive is in the form of a cylindrical tube with a thin metal wall, of length several times the diameter to ensure that a steady detonation wave is set up. The tube is encased in a series of metal rings all of the same dimensions, which fit it closely. The explosive is detonated and the fragments collected. The theoretical problem is to calculate the distribution of lengths ( in figure 1 ) which the fragments of the rings will be found to have.
Two main types of fracture have been observed in bomb and shell casings; shear fracture, approximately at 45° to the circumference of the case, as in figure and a combination of fibrous fracture (of the same type as at the bottom of the cup and cone fracture in a tensile test) and shear fracture as in figure 2 b. In § 3 considera tion is given to the mechanism of fracture; for the purpose of the mathematical theory to be developed here, it need only be assumed th a t fracture, once it begins, takes place so rapidly th a t it can be considered instantaneous compared with the rate of strain of the metal.
. T h e o r y o f f r a g m e n t l e n g t h
The tensile strength of a brittle material such as glass shows a very considerable scatter, of the order + 20 %, from specimen to specimen. This is because fracture begins a t one of a number of weak spots on the surface (the Griffith cracks); the strength is believed to depend on the depth of the deepest crack, and this will vary from one specimen to another. The true stress a t fracture of ductile materials such as steel shows much less variation, as does also the reduction in area a t which frac ture occurs. No systematic investigation of the magnitude of the scatter has been made, but for specimens cut from the same bar it can be less than ± 1 % for a steel showing a total reduction in area of 50 %. Initiation of fracture in metals is not necessarily a surface phenomenon; in a tensile test it starts in the interior of the specimen and little is known of the nature of the points of weakness responsible. Nevertheless, it is unlikely th at even in a homogeneous material there will be no scatter. In any case it will be assumed th at there does exist a scatter character istic of the homogeneous material, and not due to inaccuracies in the apparatus. I t will be found th at the magnitude of this scatter determines the fragment size.
Denote by s the plastic strain of the specimen, so th a t if the cross-sectiona is A and the original area A 0,
Assume th at the chance th at an unfractured specimen of unit length will fracture when the strain increases from st o
Ce?8ds,
where C and y are constants. The exponential expression is chosen as the simplest form which gives a rapid increase from negligible to large values as s increases. With this assumption, the chance p th at the specimen breaks before is given by dp
The average strain for fracture s0 is given by
A value of y equal to 128 would thus give a r.m.s. scatter of 0-01 in the strain at which fracture occurs. The argument now is, th at if y were infinite so th at the strain at fracture were perfectly definite, the expanding shell case would break in all points at once. With the assumption (1), however, there is in any length of the material a finite probability of fracture which increases rapidly as s approaches the critical value s0. As soon as fracture takes place at one point, stress is released in the neighbourhood, and the unstressed regions spread with a velocity which can be calculated. This is shown in figure 3 ; a fracture is supposed to have occurred at A and stress has been released in the regions A Ba nd A'B' which are shaded. Fracture can no longer take plac the shaded regions; on the other hand, in the unshaded regions plastic flow is still going on, s is increasing and according to formula (1) fracture becomes more and • more likely. The average size of fragment will be determined by the rate at which the shaded regions in figure 3 spread and so prevent further fracture. Thus this rate must be calculated.
up; it will be supposed th at the thickness of the case is small compared with r, and th at the whole process of break-up takes.place in a time interval during which there is little change in r or v. Then the rate of strain dsjdt of the material is given by ds v dt r ' If in figure 3 an arbitrary point C be taken on the circumference of the case at a distance a from the point of fracture, then relative to C the velocity of the whole stress-free region
where x is the length AB. If pi s the density of the material and P in tension at the moment of fracture for the rates of strain concerned, then the equation of motion of A B is
F ig u r e 3. R e le a se o f s t r a in r o u n d a te n s ile fr a c tu re .
Let r be the radius of the case and v its velocity outwards at the moment of break Vol. 189. A.
which gives on integrating (v/r being treated as constant)
The width x of the unstressed region thus increases as the square root of the time. This solution treats the metal as inelastic, and gives an infinite value for the initial velocity of the boundary B. A more exact solution* gives a value of the velocity equal initially to th at of sound in steel, but except in the opening stages approximating closely to th at given by (2).
Making use of (1) and (2), the distribution of fragment lengths can be found. In a ring of diameter l (= 2nr), suppose th a t at any moment n fractures have formed. Then the rate of increase of n with increasing strain is given by the equation
w h ere/is the proportion of the ring which is still stressed. It is convenient to intro duce a new variable cr -
and if a fracture occurs when cr ~ orv the region round it which is unstressed and thus safe from further fracture (shaded in figure 3 ) is at any subsequent value of cr, by (2), equal to (5) where * o = {2pFlpy)irlv.
The length x0 is on dimensional grounds obviously proportional to the average fragment length. The distribution of average fragment lengths was found empirically as follows: Using equation (4) it was assumed th at the first crack would form when n was unity and thus for a value cr0 of cr given by A line of length l (say 10 cm.) was ruled on paper to represent the circumference of the cylinder and a mark, representing a fracture, made on it at a point P chosen at random. The next fracture will occur when = 2; before the line is cut at random a second time to represent this happening, a range Ax must be marked off round the first cut to represent the shaded region where the strain has disappeared. By (4) the increase in cr is unity, so the interval marked off on each side is £0. The second cut must now be placed on any part of the line excluding the shaded region. / is now (l-2x0)jl; the increase in cr before the third cut is made is by (4) given by A ct = l//e <r~£ro (cr -cr0 = 1).
* E . H . L ee (to b e p u b lis h e d ).
Round the second cut a shaded zone of xQ {Aa must b be widened according to equation (5). The process was repeated until the whole line was covered.
By repeating the whole procedure a number of times and measuring the lengths of the intervals between adjacent cuts on the line, a histogram was drawn giving the numbers of intervals between 0-4.r0 and 0-&r0, and so on. This is shown in figure 4 The calculations were made with l/x0 -20; the distribution would not be sensibly different for larger values.
It will be seen th a t:
(1) The fragments have lengths most of which lie between x0 and and that the average length is about l-5x0.
(2) xQ is proportional to r, so that if the linear proportions of the bomb are scaled up by a given factor, the average fragment length is changed by the same factor.
(3) a;0 is inversely proportional to v, the velocity of the case at the moment of break-up.
As a numerical example, consider a bomb of diameter 3 in. so th a t r will be about 2 in. a t the moment of break-up. Suppose th at the wall thickness is such th a t v -2000 ft./sec., and th at a steel case with p = 480 lb./cu.in. has a flow stress in the work-hardened state of 50 tons/sq.in. Then we find x0 = 1-6/^/yin.
Thus if y ~ 100, the average fragment length is about 0*24 in.
A THEORETICAL ESTIMATE OF THE CONSTANT J WHICH DEFINES THE SCATTER IN THE VALUES OF STRAIN AT FRACTURE
In the theory of A. A. Griffith of the strength of brittle solids, it is assumed th a t fracture starts at the deepest of a number of surface cracks. If c is the depth of a crack, then according to Griffith the stress a t which the crack will spread is where E is the elastic modulus and T the surface tension. The variation in the depth of the deepest crack determines the variation in the tensile stress from specimen to specimen.
For ductile metals no satisfactory theory exists which accounts for the initiation of fracture at a given tensile stress. I t will, however, be assumed th at fracture begins, as in brittle materials, at one of a number of 'weak points' distributed throughout the material, and th a t the relation between the ' size ' c of a weak point and the stress required to start a fracture there is of the same type as (6), namely,
Fracture will then occur when, owing to the work-hardening of the material, the maximum principal stress reaches a value great enough to start a crack at the weak point for which c is largest. I t will be assumed, moreover th at the values of c are distributed about a mean value c0 according to the Gaussian distribution function; thus the chance per unit volume that there is a weak point with parameter between c and c + dc will be taken to be equal to
Thus, if a specimen of volume V has not fractured for a smaller stress, the chance th at it will fracture for a stress between P and P + dP is where c is given in terms of Pb y (7). Interest is centred only in a small range of values of c in the neighbourhood of the largest. Therefore let c = cR + x, where cR is defined by J* exp --J == Neglecting terms in x2 , it is found th a t (c -c0)2 = co)2"f C0)> and, using this approximation, (9) gives
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Now from (8), integrating over all values of c, it is clear th at tB, apart from a numerical factor of order unity, is equal to the total number of weak points per unit volume. This is denoted by N, and A is assumed to be a very large number. Thus the error will be small if , . 2
\CR ~ C0>
log e(NV).
If (10) is substituted in (8), then const, dx exp . .
A broad distribution of values of c will be assumed, so th at r and c0 are of the same order of magnitude. Thus from (11) cR^>c0.Hence approxi cr (cr ~ co) ( T2 r 2 2 log e(NV).
Thus the chance th at the material contains a weak point with parameter x between x and dx is, if x is small r const, dx exp -2 -log,, (A T )J.
If the stress-strain curve for the material in tension is p =M, dc dP the constant y is thus which gives from (7)
If the stress-strain curve for large strains is of the type
where PF is the true stress and sF the plastic strain at fracture. For nt he most likely hypothesis will be to take as for Griffith cracks, but obviously other values are possible. The value of A, also, can only be guessed; it may be bound up with the dislocations in cold-worked metals, which are of the order 10~5 cm. apart. Fortunately, since N occurs in a logarithm only, the exact value is not important. If N = 1015, then, if V does not differ by more than a few powers of 10 from 1 c.c., 
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For mild steel, then, according to the formulae of § 2, a bomb of the design sug gested there would give fragments of average length 0-6 in.
Referring to formula (5), and assuming th a t logiV" is about the same for all materials, it is seen th at the average fragment length is proportional to the following term which depends on the properties of the material:
Thus a material with a high-stress PF at fracture gives large fragments, and a high ductility (sF is the strain at fracture) also gives large fragments. A rapid rate hardening near the fracture point (i.e. a large value of ) will lead to small fragments. Since most metals harden much more rapidly in the initial stages of cold work, low ductility will for this reason also lead to small fragments.
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